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PRIME ORDER SYMPLECTIC BIRATIONAL TRANSFORMATIONS
OF O’GRADY’S HOLOMORPHIC SYMPLECTIC SIXFOLDS
ANNALISA GROSSI, CLAUDIO ONORATI, AND DAVIDE CESARE VENIANI
Abstract. We classify symplectic birational transformations of prime order on irre-
ducible holomorphic symplectic manifolds X of O’Grady’s 6-dimensional deformation
type according to their induced action on H2(X,Z). In particular, we list all possible
invariant and coinvariant lattices. We prove that the action of a symplectic automor-
phism of finite order is necessarily trivial.
1. Introduction
An irreducible holomorphic symplectic manifold is a simply connected compact kähler
manifold X such that H0(X,Ω2X ) is generated by a nowhere degenerate holomorphic 2-
form σ. An automorphism or a birational transformation of X is called symplectic if
its pullback acts trivially on σ. The groups of symplectic automorphisms and birational
transformations of X are denoted Autsp(X) and Birsp(X), respectively.
Our conventions on lattices and hodge structures are explained in §2. Fix a deformation
type τ of irreducible holomorphic symplectic manifolds and let X be a representative.
The Beauville–Bogomolov–Fujiki lattice [1] is a lattice of signature (3, b2(X) − 3) on the
group H2(X,Z). We denote its isometry class, which only depends on τ , by Lτ . An
isometry η : H2(X,Z) → Lτ is called a marking and the pair (X, η) is called a marked
pair (of type τ). We consider the map
η∗ : Bir(X)→ O(Lτ ), f 7→ η ◦ f
∗ ◦ η−1.
The known deformation types of irreducible holomorphic symplectic manifolds, namely
K3 surfaces, the two infinite series discovered by Beauville [1] and the two sporadic
examples found by O’Grady [29, 30], are listed in Table 1 together with their associated
lattices. Here we are interested in OG3, the sporadic deformation type of dimension 6.
A subgroup G ⊂ O(Lτ ) is called symplectic if there exists a hodge structure of K3 type
on Lτ such that G ⊂ Osp(Lτ ) with respect to that hodge structure. A marked pair (X, η)
defines a signed hodge structure on Lτ by L
p,q
τ = η(Hp,q(X)). A subgroup G ⊂ O(Lτ ) is
called a geometric symplectic group or a group of symplectic birational transformations
if there exist a marked pair (X, η) of type τ and a subgroup B ⊂ Birsp(X) such that
η∗B = G.
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Table 1. Known deformation types τ of irreducible holomorphic sym-
plectic manifolds (n > 1).
τ dim b2 Lτ
K3 2 22 3U⊕ 2E8(−1)
K3n 2n 23 3U⊕ 2E8(−1)⊕ [2− 2n]
Kumn 2n 7 3U⊕ [−2− 2n]
OG3 6 8 3U⊕ 2[−2]
OG5 10 24 3U⊕ 2E8(−1)⊕A2(−1)
The aim of this paper is to classify geometric symplectic groups of prime order for
τ = OG3, according to their invariant and coinvariant lattices. This work is a first step
towards the classification of geometric symplectic groups of arbitrary finite order.
As for K3 surfaces, the isomorphism classes of finite geometric symplectic subgroups
G ⊂ O(LK3) were classified by Nikulin [26, 27] in the abelian case and then characterized
by Mukai [25] in general. Alternative proofs were given later by Xiao [31] and Kondo¯
[12]. The invariant and coinvariant lattices for G of prime order p were classified by
Morrison [24] for p = 2, and by Garbagnati and Sarti [6] for p > 2. Their classification
was extended to Xiao’s list by Hashimoto [8]. For a survey, see [13] or [10, Chapter 15].
As for K32 fourfolds, symplectic automorphisms of prime order p were studied by
Camere [5] and Mongardi [16] for p = 2, and by Mongardi [18] for p > 2. For higher
dimensional manifolds of type K3n, we refer to Mongardi [17, 20] and Huybrechts [11].
Partial results on symplectic automorphisms of Kumn manifolds were obtained by
Mongardi, Tari and Wandel [22].
To the authors’ knowledge, no results about symplectic automorphisms or birational
transformations of manifolds of type OG5 are known. We plan to investigate them in a
subsequent paper.
We also remark that nonsymplectic automorphisms of prime order on manifolds of
type OG3 were classified by the first author [7].
Throughout the paper, we will consider the lattice L = LOG3 . Our main technical
result is the classification of the pairs of invariant and coinvariant lattices (LG,LG) for
all subgroups G ⊂ O(L) of prime order with negative definite coinvariant lattice LG.
Proposition 1.1 (see §3.1). Let L be the lattice LOG3 and G ⊂ O(L) a subgroup of
prime order. If the coinvariant lattice LG is negative definite, then |G| ∈ {2, 3, 5} and
the possible pairs (LG,LG) up to the action of O(L) are listed in Table 2 on page 11.
In most cases, the different actions of G on L are distinguished by the pair (LG,LG).
There is one case, though, in which LG admits two nonequivalent primitive embeddings
LG →֒ L with isomorphic orthogonal complements. This case is treated in Remark 3.1.
Thanks to Theorem 2.11, we are able to classify the pairs (LG,LG) corresponding to
geometric symplectic groups.
Theorem 1.2 (see §3.2). Let L be the lattice LOG3 and G ⊂ O(L) a subgroup of prime
order. Then G is a group of symplectic birational transformations if and only if the pair
(LG,LG) appears in Table 2 labeled by ♦.
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We say that G ⊂ O(Lτ ) is a group of symplectic automorphisms if there exist a marked
pair (X, η) of type τ and a subgroup A ⊂ Autsp(X) such that η∗A = G. The following
corollary is a consequence of Theorem 2.12.
Corollary 1.3 (see §3.3). If G ⊂ O(LOG3) is a finite group of symplectic automorphisms,
then G is the trivial group.
In other words, a finite subgroup of Autsp(X) is always contained in the kernel of the
map η∗ : Bir(X) → O(L), which is isomorphic to (Z/2Z)
8 according to Mongardi and
Wandel [23].
The following assertions, which are interesting also in view of the classification of all
finite geometric symplectic groups, can be immediately deduced by inspection of Table 2.
Addendum 1.4. Let L be the lattice LOG3 . A subgroup G ⊂ O(L) of prime order is a
geometric symplectic group if and only if it holds that
(1) |detLG| = 4 |detLG|.
Addendum 1.5. If G ⊂ O(LOG3) is a geometric symplectic group of prime order, then
G acts trivially on the discriminant group of LOG3 . 
Heuristically, given an action of G on a manifold of type OG3, a coinvariant lattice
of smaller rank corresponds to a larger family of manifolds admitting that action. More
precisely, the number of moduli is given by rkLG − 2 (see [2, §4]).
For this reason, and also because LG is found before L
G during the proof of Proposition 1.1,
in Table 2 the pairs (LG,LG) are ordered by increasing rkLG. We write LG(−1) instead
of LG out of lack of space. The column “example” provides a matrix relative to a stan-
dard system of generators of 3U ⊕ 2[−2] representing a generator of G with given pair
(LG,LG).
The definitions and the basic results used in this paper are recalled in §2. The proofs
of the statements above are carried out in §3.
Acknowledgments. We wish to warmly thank Fabio Bernasconi, Samuel Boissière, Si-
mon Brandhorst, Chiara Camere, Alberto Cattaneo, Giovanni Mongardi and Maxim
Smirnov for helpful discussions.
2. Preliminaries
In §2.1 we introduce our conventions on lattices, following Nikulin [28] and Miranda
and Morrison [15]. In §2.4 we recall the definition of hodge structure and other related
concepts, as given by Morrison [24] (also cf [10, §3.1]). We then prove some lemmas –
certainly well known to experts – for which we could not find a satisfactory treatment in
the literature. The lemmas enable us to state the key results on irreducible holomorphic
symplectic manifolds of type OG3 in a concise way in §2.5.
2.1. Lattices. In this paper, a lattice of rank r is a free finitely generated Z-module
L ∼= Zr endowed with a nondegenerate symmetric bilinear pairing L ⊗ L → Z denoted
e ⊗ f 7→ e · f . We write e2 = e · e. We say that L is even if e2 ∈ 2Z for each e ∈ L.
The lattice L(n) is obtained by composing the pairing with multiplication by n ∈ Z.
The rank, signature and determinant of L are denoted rkL, signL,detL, respectively. A
lattice is unimodular if |detL| = 1.
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The dual of L is defined as L∨ = {x ∈ L⊗Q : x · y ∈ Z}. The group
L♯ = L∨/L
is called the discriminant group of L. It is a finite abelian group of order |detL|. For even
L, the Q-linear extension of the pairing on L endows L♯ with a Q/2Z-valued quadratic
form. There is a natural homomorphism O(L) → O(L♯). The image of a subgroup
G ⊂ O(L) through this homomorphism is denoted G♯. A lattice L is called p-elementary
if L♯ ∼= (Z/pZ)l for some l. The divisibility of a vector v ∈ L is defined as
L÷ v = gcd{v · w : w ∈ L}.
Note that v/(L ÷ v) defines an element of L∨, hence of L♯. More precisely, L ÷ v =
max{d ∈ Z : d > 0, v/d ∈ L♯}.
The unimodular indefinite even lattice of rank 2 is denoted U. The positive definite
ADE lattices are denoted An,Dn,En. The notation [m] with m ∈ Z denotes a lattice of
rank 1 generated by a vector of square m.
A proof of the next lemma can be found, for instance, in [3, §5.3].
Lemma 2.1. If M is a unimodular lattice and G ⊂ O(M) is a subgroup of prime order p,
then MG and MG are p-elementary lattices. 
Lemma 2.2. If G ⊂ O(L) is a subgroup of prime order p and |G♯| = 1, then LG is a
p-elementary lattice.
Proof. Choose a unimodular lattice M with a primitive embedding L →֒ M (it always
exists). We can extend a generator of G to an isometry of M of order p which restricts
to the identity on L⊥ (cf [28, Corollary 1.5.2]). Therefore, there exists G′ ⊂ O(M) of
order p such that LG ∼=MG′ . In particular, LG is p-elementary by Lemma 2.1. 
2.2. Genera and primitive embeddings. Two even lattices L1, L2 are said to belong
to the same genus if signL1 = signL2 and L
♯
1
∼= L
♯
2 as finite quadratic forms (cf [28,
Corollary 1.9.4]). All lattices appearing in this paper are unique in their genus, either
because they are p-elementary and indefinite ([28, Theorem 3.6.2]) or because they satisfy
Nikulin’s [28, Theorem 1.14.2] or Miranda–Morrison’s criterion [15, Corollary 7.8], or
because they are of the form L(n) for some L which is unique in its genus.
An embedding of lattices S ⊂ L is called primitive if L/S is a free group. In this case
we write S →֒ L and we denote by S⊥ ⊂ L the orthogonal complement. We refer to [28,
Proposition 1.5.1 and Proposition 1.15.1] for more details on what follows.
A primitive embedding of even lattices S →֒ L is given by a gluing subgroup H ⊂ S♯
and a gluing isometry γ : H → H ′ ⊂ (S⊥(−1))♯. If Γ denotes the gluing graph of γ in
S♯ ⊕ (S⊥(−1))♯, the following identification between finite quadratic forms holds:
(2) L♯ ∼= Γ⊥/Γ.
Two embeddings S →֒ L are equivalent under the action of O(L) if and only if the
corresponding groupsH andH ′ are conjugate under the action of O(S) andO(S⊥(−1)) =
O(S⊥) in a way that commutes with the gluing isometries.
Equivalently, assuming that L is unique in its genus, S →֒ L is given by subgroup
K ⊂ L♯, called embedding subgroup, and an isometry ξ : K → K ′ ⊂ S(−1)♯. If Ξ denotes
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the graph of ξ in L♯ ⊕ S(−1)♯, the following identification holds:
(3) (S⊥)♯ ∼= Ξ⊥/Ξ.
We define the gluing and embedding index to be h = |H| and k = |K|, respectively.
They satisfy
(4) |detL| = |detS| · |detS⊥|/h2, |detS⊥| = |detL| · |detS|/k2.
Given S and L, we proceed in the following way in order to find all primitive embed-
dings S →֒ L up to the action of O(L).
(i) We determine the embedding index k from (4).
(ii) We find all embedding subgroups K ⊂ L♯ with an isometric counterpart K ′ ⊂
S(−1)♯.
(iii) For each isometry ξ : K → K ′ we compute signS⊥ and (S⊥)♯ from (3), determin-
ing the possible genera for S⊥.
(iv) We find all possible T = S⊥ in these genera.
(v) For each T , we compute the gluing index h of S →֒ L with S⊥ ∼= T .
(vi) We find all gluing subgroups H ⊂ S♯ with an isometric counterpart H ′ ⊂ T (−1)♯
up to the action of O(S) and O(T (−1)) = O(T ).
2.3. Isometry groups. Consider a lattice L and a subgroup G ⊂ O(L). We denote by
LG the invariant sublattice. Its orthogonal complement LG = (L
G)⊥ ⊂ L is called the
coinvariant sublattice.
We adopt the convention that the (real) spinor norm
spin: O(L)→ R×/(R×)2 = {±1}
takes the value +1 on a reflection ρv induced by a vector v with v
2 < 0. (We refer the
reader to [15, Chapter I.10], although there the opposite convention is used.) The kernel
of the spinor norm is denoted O+(L). Equivalently, an isometry g ∈ O(L) belongs to
O+(L) if and only if g preserves the orientation of a positive definite subspace V ⊂ L⊗R
of maximal dimension (cf [15, Proposition 11.3]).
Lemma 2.3. If LG is negative definite, then G ⊂ O
+(L).
Proof. Take g ∈ G and consider the subgroup G′ ⊂ G generated by g. It holds LG′ ⊂ LG,
therefore LG′ is negative definite. The isometry g, seen as an element of O(L⊗ R), can
be written as the product of certain reflections ρv with v ∈ (L ⊗ R)G′ . It follows that
v2 < 0, so spin(g) = +1. 
Given a cone C ⊂ L⊗ R, we set
O(L,C) = {g ∈ O(L) : g(C) = C}.
Lemma 2.4. Let L be a lattice. If C ⊂ L ⊗ R is a convex cone, and G ⊂ O(L,C) is a
finite subgroup, then
(L⊗ R)G ∩ C 6= ∅.
Proof. Take ω ∈ C and define ωG =
∑
g∈G g(ω). Clearly, ωG ∈ (L⊗R)
G, but also ωG ∈ C,
as g(ω) ∈ C for every g ∈ G and C is a convex cone. 
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2.4. Hodge structures. A hodge structure of K3 type (or, for short in this paper, a
hodge structure) on a lattice L is the choice of three complex subspaces L2,0, L1,1, L0,2 of
L⊗C such that the following conditions hold, where the bar denotes complex conjugation:
(1) L⊗ C = L2,0 ⊕ L1,1 ⊕ L0,2,
(2) dimC L
2,0 = 1,
(3) L2,0 = L0,2,
(4) L1,1 = L1,1,
(5) v · v > 0 for v ∈ L2,0, v 6= 0,
(6) v · w = 0 for v,w ∈ L2,0,
(7) v · w = 0 for v ∈ L2,0 ⊕ L0,2, w ∈ L1,1.
Lemma 2.5. The real subspace (L2,0 ⊕ L0,2) ∩ (L⊗ R) is positive definite.
Proof. Let σ = α+ iβ be a generator of L2,0 with α, β ∈ L⊗ R. It follows from (5) and
(6) that α2 + β2 > 0, α · β = 0 and α2 = β2, therefore we conclude. 
An isometry of a lattice L with a hodge structure is a hodge isometry if its linear
extension to C preserves the hodge structure. A hodge isometry of L is a symplectic
isometry if its linear extension restricts to the identity on L2,0. The subgroups of hodge
and symplectic isometries are denoted Ohdg(L) and Osp(L), respectively.
A signed hodge structure on L is a hodge structure such that the restriction of the
bilinear form to L1,1 ∩ (L⊗ R) has signature (1,dimL1,1 − 1), together with the choice
of one connected component, called positive cone and denoted P, of the subset
{v ∈ L1,1 ∩ (L⊗R) : v2 > 0}.
Because of Lemma 2.5, if L admits a signed hodge structure then signL = (3, rkL− 3).
We define the subgroups of (symplectic) signed isometries in the following way.
O+hdg(L) = Ohdg(L) ∩O(L,P),
O+sp(L) = O
+
hdg(L) ∩Osp(L).
Choosing a suitable basis of a positive definite subspace V ⊂ L ⊗ R of maximal dimen-
sion 3, one obtains the following result (cf [14, §4]).
Lemma 2.6. For a lattice L with a signed hodge structure it holds
O+hdg(L) = O
+(L) ∩Ohdg(L). 
Lemma 2.7. Let L be a lattice of signature (3, r−3) and G ⊂ O(L) a finite subgroup. If
there exists a signed hodge structure such that G ⊂ O+sp(L), then LG is negative definite.
Proof. The invariant real subspace (L ⊗ R)G contains the 2-dimensional real subspace
(L2,0 ⊕ L0,2) ∩ (L ⊗ R), which is positive definite, since L1,1 ∩ (L ⊗ R) has signature
(1, r−3). Moreover, (L⊗R)G intersects the convex cone P ⊂ L1,1∩(L⊗R) by Lemma 2.4.
Therefore, signLG = (3, rkLG − 3), and LG is consequently negative definite. 
Lemma 2.8. Let L be a lattice of signature (3, r − 3) and G ⊂ O(L) a finite subgroup.
If LG is negative definite, then there exists a signed hodge structure on L such that
L1,1 ∩ L = LG and G ⊂ O
+
sp(L).
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Proof. Since LG is negative definite, L
G ⊗ R contains a positive definite subspace of
maximal dimension 3. This implies that
dimC(L⊗ C)
G = dimR(L⊗R)
G ≥ dimR(L
G ⊗ R) ≥ 3.
Therefore, we can find σ ∈ (L⊗C)G with σ2 = 0, σ ·σ > 0. Choosing σ outside a certain
countable union of hyperplanes, we can suppose that
σ⊥ ∩ L = LG.
In other words, putting L2,0 = Cσ,L0,2 = L2,0 and L1,1 = (L2,0 ⊕ L0,2)⊥ ⊂ L ⊗ C we
define a signed hodge structure on L (choosing P arbitrarily) such that L1,1 ∩ L = LG.
In this way, G ⊂ Osp(L) by construction. By Lemma 2.3, it also holds G ⊂ O
+(L),
therefore G ⊂ O+sp(L) by Lemma 2.6. 
Fix a signed hodge structure on L. Given a subset W ⊂ L of primitive vectors, a
connected component of
(5) P \
⋃
w∈W∩L1,1
w⊥
is called a chamber defined by W. Note that every chamber is a convex cone and that
O(L) acts on the set of chambers. We put O+sp(L,C) = O
+
sp(L) ∩O(L,C).
Lemma 2.9. Let L be a lattice with a signed hodge structure. If C is a chamber defined
by a subset W ⊂ L and G ⊂ O+sp(L,C) is a finite subgroup, then
LG ∩W = ∅.
Proof. By Lemma 2.4, there exists v ∈ (L ⊗ R)G ∩ C. Each w ∈ LG is orthogonal to v,
hence w /∈ W. 
2.5. Type OG3. Recall that L = LOG3 = 3U⊕ 2[−2]. We define
Wpex
OG3
= {w ∈ L : w2 = −2,L÷ w = 2} ∪ {w ∈ L : w2 = −4,L÷ w = 2}
WOG3 =W
pex
OG3
∪ {w ∈ L : w2 = −2,L÷ w = 1}.
Given a signed hodge structure on L, a chamber defined byWpex
OG3
is called an exceptional
chamber, whereas a chamber defined by WOG3 is called a kähler chamber.
The following theorem is a restatement of Huybrechts’ theorem on the surjectivity of
the period map [9, Theorem 8.1] and Markman’s Hodge theoretic version of the Torelli
theorem [14, Theorem 1.3] for irreducible holomorphic symplectic manifolds of type OG3.
It also includes results on the monodromy group of manifolds of type OG3 obtained by
Mongardi and Rapagnetta [21], and general results about the shape of the birational
Kähler cone and the Kähler cone obtained by Markman [14, Theorem 6.17] and Mongardi
[19].
Theorem 2.10 (Torelli theorem for manifolds of type OG3). A subgroup G ⊂ O(L) is a
group of symplectic birational transformations (resp. automorphisms) if and only if there
exist a signed hodge structure on L and an exceptional (resp. kähler) chamber C such that
G ⊂ O+sp(L,C). 
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Theorem 2.11. A finite subgroup G ⊂ O(L) is a group of symplectic birational trans-
formations if and only if the following two conditions hold:
(1) LG is negative definite,
(2) LG ∩W
pex
OG3
= ∅.
Proof. The two conditions are necessary by Lemma 2.7 and Lemma 2.9.
Conversely, assume that they hold. By Lemma 2.8 there exists a signed hodge struc-
ture on L such that L1,1∩L = LG and G ⊂ O
+
sp(L). Since L
1,1∩Wpex
OG3
= LG∩W
pex
OG3
= ∅,
the decomposition (5) is trivial: there is only one exceptional chamber, namely P itself.
Therefore, O+sp(L) = O
+
sp(L,P) and we conclude by Theorem 2.10. 
Theorem 2.12. A finite subgroup G ⊂ O(L) is a group of symplectic automorphisms if
and only if the following two conditions hold:
(1) LG is negative definite,
(2) LG ∩WOG3 = ∅.
Proof. The same argument as in Theorem 2.11 applies: there exists a signed hodge struc-
ture on L such that P itself is a kähler chamber and G ⊂ O+sp(L) = O
+
sp(L,P). 
3. Proofs
We carry out the proofs of Proposition 1.1, Theorem 1.2 and Corollary 1.3 in §3.1,
§3.2 and §3.3, respectively. We recall that L = LOG3
∼= 3U⊕ 2[−2].
3.1. Proof of Proposition 1.1. Let G ⊂ O(L) be a subgroup of prime order p such
that LG is negative definite. In particular, rkLG ≤ 5. Since any generator of G is defined
over Z, its eigenspaces in L⊗C relative to the primitive pth roots of unity have the same
dimension. It follows that ϕ(p) = p− 1 | rkLG, hence |G| ∈ {2, 3, 5}.
Note that L♯ ∼= (Z/2Z)2, with generators α, β such that α2 = β2 = 3/2 and α · β = 0.
Therefore, we have O(L♯) ∼= Z/2Z, generated by the isometry exchanging α and β. Hence,
|G♯| ∈ {1, 2} if |G| = 2, and |G♯| = 1 if |G| ∈ {3, 5}.
We first consider the case |G| = 2 and |G♯| = 1.
By Lemma 2.2, LG is an even 2-elementary lattice. Applying [28, Theorem 3.6.2],
we see that LG is isometric to either [−2], 2[−2], 3[−2],D4(−1), 4[−2],D4(−1)⊕ [−2] or
5[−2].
We then proceed to compute LG ∼= (LG)
⊥ following the strategy delineated in §2.2.
The embedding index k of LG →֒ L must divide detL = 4, hence k ∈ {1, 2, 4}.
It turns out that for every pair (LG,LG) there exists only one embedding LG →֒ L
such that (LG)
⊥ ∼= LG, unless LG ∼= D4(−1) ⊕ [−2]. This case requires particular care
and is treated in the following remark.
Remark 3.1. If LG ∼= D4(−1) ⊕ [−2], then (LG)
⊥ ∼= 3[2]. Still, two distinct primitive
embeddings LG →֒ L exist, which can be distinguished in the following way. Both L
♯
G and
(LG)♯ are 2-elementary abelian groups of order 8. We can choose generators such that
their finite quadratic forms are given by the following lattices (entries on the diagonal
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are to be read modulo 2Z, while entries off the diagonal are to be read modulo Z):
L
♯
G
∼=

 1 1/2 01/2 1 0
0 0 3/2

 , (LG)♯ ∼=

1/2 0 00 1/2 0
0 0 1/2

 .
The gluing index of LG →֒ L is equal to 4. Up to the action of O(LG), we can choose
two different gluing subgroups in L♯G, namely
H1 = 〈(1, 0, 0), (0, 1, 0)〉, H2 = 〈(1, 0, 1), (1, 0, 0)〉.
They cannot be equivalent, as H2 contains an element h with h
2 = 1/2 ∈ Q/2Z, whereas
H1 does not.
Now we turn to the case |G| = 2 and |G♯| = 2.
Consider the lattice M = 5U, which is the unimodular lattice of smallest rank such
that there exists a primitive embedding L →֒ M. Put R = L⊥ ⊂ M. Then, R ∼= 2[2]
and we can extend a generator of G to an element of O(M) which restricts to the
isometry exchanging the generators on R (cf [28, Corollary 1.5.2]). Since MG is an even
2-elementary lattice, [28, Theorem 3.6.2] yields the following possibilities for its isometry
class: U,U(2), [2]⊕[−2],U⊕[−2],U(2)⊕[−2],U⊕2[−2],U(2)⊕2[−2],U⊕3[−2],U(2)⊕
3[−2],U ⊕D4(1),U ⊕ 4[−2].
We then compute the possible embeddings RG ∼= [4] →֒MG to find LG ∼= (RG)
⊥. The
result of this computation is that LG is isometric to either [−4], [−2]⊕[−4],A3(−1), 2[−2]⊕
[−4],A3(−1)⊕[−2], 3[−2]⊕[−4],D5(−1),D4(−1)⊕[−4],A3(−1)⊕2[−2] or 4[−2]⊕[−4].
Lemma 3.2. In the case |G| = 2 and |G♯| = 2, the embedding subgroup of LG →֒ L is
generated by α + β, where α, β ∈ L♯ satisfy α2 = β2 = 3/2 mod 2Z. In particular, it
holds |detLG| = |detLG|.
Proof. Indeed, if the embedding subgroup K is another subgroup of L♯, then either K
is the trivial group, or K = L♯, or K ∼= Z/2Z is generated by an element of square 3/2
mod 2Z. In any of these three cases, it holds L♯ ∼= K ⊕K⊥.
For all possible isometry classes of LG listed above, if K
′ is the image of K in L♯G, then
L
♯
G
∼= K ′⊕ (K ′)⊥ and (K ′)⊥ contains an element of order 4 on which G acts nontrivially.
It follows that the action of G on (LG)♯ ∼= K⊥ ⊕ (K ′)⊥ is nontrivial, which contradicts
the fact that G restricts to id on LG, hence on (LG)♯. Therefore, the embedding index
is k = |K| = 2 and |detLG| = |detL| · |detLG|/k
2 = |detLG|. 
Lemma 3.2 excludes the cases LG ∼= D4(−1) ⊕ [−4] and LG ∼= 4[−2] ⊕ [−4], because
these lattices do not admit an embedding in L whose orthogonal complement has the
right determinant. The orthogonal complements and the gluing subgroups of LG →֒ L
are always unique, hence for every LG there exists only one embedding LG →֒ L.
Finally, we consider the case |G| > 2.
By Lemma 2.2, LG is an even p-elementary lattice. Only few possibilities are allowed
by [4, Theorem 1.1], namely LG ∼= A2(−1), 2A2(−1) or A4(−1).
The embedding index of LG →֒ L is necessarily equal to 1, because it must divide both
detLG and L. It is then easy to find L
G ∼= (LG)
⊥ following §2.2.
In all cases, the gluing index of LG →֒ L is equal to |detLG|. Therefore, for every LG
there exists only one embedding LG →֒ L.
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This concludes the proof of Proposition 1.1. 
3.2. Proof of Theorem 1.2. By Theorem 2.11, a first necessary condition forG ⊂ O(L)
to be a geometric symplectic group is that LG is negative definite. Therefore, the pair
(LG,LG) is listed in Table 2 by Proposition 1.1. We need to check in which cases also
the second condition LG ∩W
pex
OG3
= ∅ is satisfied.
Given a vector v ∈ LG, we are interested in computing L÷v. Of course, L÷v depends
on the primitive embedding LG →֒ L. The following lemma provide a useful formula.
Lemma 3.3. Let S,L be two lattices. If a primitive embedding S →֒ L is defined by the
gluing subgroup H ⊂ S♯, then for each v ∈ S it holds
L÷ v = max{d ∈ Z : d > 0, v/d ∈ H⊥}.
Proof. Let Γ be the gluing graph. The assertion follows from the identification (2) and
the observation that
max{d ∈ Z : d > 0, (v/d, 0) ∈ Γ⊥} = max{d ∈ Z : d > 0, v/d ∈ H⊥}. 
Corollary 3.4. Let S →֒ L be a primitive embedding. If |detS⊥| = |detS| · |detL|, then
L÷ v = 1 for each v ∈ S.
Proof. Indeed, by (4) the gluing index is equal to |detS|, hence H⊥ is trivial. 
The lattice LG being negative definite, we can enumerate all vectors in the set
C(LG) = {v ∈ LG : v
2 = −2 or v2 = −4}.
We then examine each case in Table 2, ie each primitive embedding LG →֒ L. We
compute L÷ v for v ∈ C(LG) using Lemma 3.3. The case in the table is labeled by ♦ if
and only if L÷ v 6= 2 for each v ∈ C(LG); in particular, by Corollary 3.4, if (1) holds.
We give an example with |G| = 2 and |G♯| = 1. Consider the two cases with LG ∼= [−2].
Here, C(LG) consists of a single vector v with v
2 = 2. If LG ∼= 3U ⊕ [−2], the gluing
subgroup H ⊂ L♯G is trivial. Hence, H
⊥ = L♯G and L ÷ v = 2 by Lemma 3.3, therefore
this case is not labeled by ♦. On the other hand, if LG ∼= 2U ⊕ [2] ⊕ 2[−2], then (1)
holds, so this case is labeled by ♦.
In each case with |G| = 2 and |G♯| = 2, there exists v ∈ LG with v
2 = −4 and
L÷ v = 2. Thus, no such case is labeled by ♦.
Finally, in the cases with |G| = p > 2 it holds that LG÷v = 1 for all v ∈ C(LG). Since
L÷ v | LG ÷ v, we infer that LG ∩W
pex
OG3
= ∅. Hence, each such case is labeled by ♦.
This concludes the proof of Theorem 1.2. 
3.3. Proof of Corollary 1.3. A group G ⊂ O(L) of symplectic automorphisms is in
particular a group of symplectic birational transformations. If G is not the trivial group,
then G contains a subgroup G′ of prime order. As LG ⊂ LG
′
, it holds LG ⊃ LG′ .
By Theorem 1.2, the pair (LG
′
,LG′) must appear in Table 2 as one of the cases labeled
by ♦. By inspection we can check that in all these cases LG′ contains a vector w of
square −2. Since L ÷ w | w2, we have L ÷ w = 1 or 2. In both cases, w ∈ WOG3 .
Hence, LG∩WOG3 ⊃ LG′∩WOG3 6= ∅ and the second condition of Theorem 2.12 is never
satisfied.
This forces G to be the trivial group, which concludes the proof. 
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Table 2. Coinvariant and invariant lattices for G ⊂ O(L) of prime order
with LG negative definite (see Proposition 1.1 and Theorem 1.2).
|G| |G♯| LG(−1) L
G example ♦
2 1 [2] 3U⊕ [−2]


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1


–
2 1 [2] 2U⊕ [2]⊕ 2[−2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


♦
2 1 2[2] 3U


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1


–
2 1 2[2] 2U⊕ [2]⊕ [−2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1


–
2 1 2[2] U⊕ 2[2] ⊕ 2[−2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


♦
2 1 3[2] 2U⊕ [2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1


–
2 1 3[2] U⊕ 2[2] ⊕ [−2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1


–
2 1 3[2] 3[2]⊕ 2[−2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


♦
Continues on next page
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Table 2, follows from previous page
|G| |G♯| LG(−1) L
G example ♦
2 1 D4 U⊕ 2[2]


3 4 2 −2 0 0 2 2
4 3 2 −2 0 0 2 2
−2 −2 −1 2 0 0 −1 −1
2 2 2 −1 0 0 1 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
−4 −4 −2 2 0 0 −3 −2
−4 −4 −2 2 0 0 −2 −3


–
2 1 D4 3[2] ⊕ [−2]


3 4 2 −2 2 −2 2 0
4 3 2 −2 2 −2 2 0
−2 −2 −1 2 −1 1 −1 0
2 2 2 −1 1 −1 1 0
−2 −2 −1 1 −1 2 −1 0
2 2 1 −1 2 −1 1 0
−4 −4 −2 2 −2 2 −3 0
0 0 0 0 0 0 0 1


♦
2 1 4[2] U⊕ 2[2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1


–
2 1 4[2] 3[2] ⊕ [−2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1


–
2 1 D4 ⊕ [2] 3[2]


3 4 2 −2 2 −2 2 0
4 3 2 −2 2 −2 2 0
−2 −2 −1 2 −1 1 −1 0
2 2 2 −1 1 −1 1 0
−2 −2 −1 1 −1 2 −1 0
2 2 1 −1 2 −1 1 0
−4 −4 −2 2 −2 2 −3 0
0 0 0 0 0 0 0 −1


–
2 1 D4 ⊕ [2] 3[2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 −1 2 −2 −2 −1 −1
0 0 2 −1 2 2 1 1
0 0 2 −2 3 4 2 2
0 0 2 −2 4 3 2 2
0 0 −2 2 −4 −4 −3 −2
0 0 −2 2 −4 −4 −2 −3


–
2 1 5[2] 3[2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1


–
2 2 [4] 3U ⊕ [−4]


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


–
Continues on next page
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Table 2, follows from previous page
|G| |G♯| LG(−1) L
G example ♦
2 2 [2]⊕ [4] 2U⊕ [−4]⊕ [2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


–
2 2 A3 2U⊕ [4]


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 2 1 1
0 0 0 0 2 1 1 1
0 0 0 0 −2 −2 −2 −1
0 0 0 0 −2 −2 −1 −2


–
2 2 2[2]⊕ [4] U⊕ [−4]⊕ 2[2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


–
2 2 A3 ⊕ [2] U⊕ [4] ⊕ [2]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 2 1 1
0 0 0 0 2 1 1 1
0 0 0 0 −2 −2 −2 −1
0 0 0 0 −2 −2 −1 −2


–
2 2 3[2]⊕ [4] 3[2]⊕ [−4]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


–
2 2 D5 A3


1 2 0 2 0 2 1 1
2 1 0 2 0 2 1 1
2 2 1 4 0 4 2 2
0 0 2 1 0 2 1 1
2 2 2 4 1 6 3 3
0 0 0 0 2 1 1 1
−2 −2 −2 −4 −2 −6 −4 −3
−2 −2 −2 −4 −2 −6 −3 −4


–
2 2 A3 ⊕ 2[2] 2[2]⊕ [4]


0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 2 1 1
0 0 0 0 2 1 1 1
0 0 0 0 −2 −2 −2 −1
0 0 0 0 −2 −2 −1 −2


–
3 1 A2 A2 ⊕U⊕ 2[−2]


1 1 1 −1 0 0 0 0
1 0 0 0 0 0 0 0
−1 0 0 1 0 0 0 0
1 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


♦
Continues on next page
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Table 2, follows from previous page
|G| |G♯| LG(−1) L
G example ♦
3 1 2A2 A2 ⊕ [6]⊕ [−2]


1 1 1 −1 0 0 0 0
1 0 0 0 0 0 0 0
−1 0 0 1 0 0 0 0
1 0 1 0 0 0 0 0
0 0 0 0 1 1 1 0
0 0 0 0 1 0 0 0
0 0 0 0 −2 0 −1 0
0 0 0 0 0 0 0 1


♦
5 1 A4
(
2 1 0
1 2 1
0 1 4
)
⊕ [−2]


1 1 1 −1 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 1 1 −1 0 0
1 0 1 0 0 0 0 0
0 0 0 0 1 1 1 0
1 0 1 0 1 0 0 0
−2 0 −2 0 −2 0 −1 0
0 0 0 0 0 0 0 1


♦
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